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We study the entanglement evolution of photonic orbital angular momentum qubit states with
opposite azimuthal indices l0, in a weakly turbulent atmosphere. Using asymptotic methods, we
deduce analytical expressions for the amplitude of turbulence-induced crosstalk between the modes
l0 and −l0. Furthermore, we analytically establish distinct, universal entanglement decay laws for
Kolmogorov’s turbulence model and for two approximations thereof.
I. INTRODUCTION
Helical wave fronts of twisted photons allow for encod-
ing high-dimensional (qudit) states in the orbital angu-
lar momentum (OAM) degree of freedom that is char-
acterized by an azimuthal index l0 = 0,±1,±2, . . . [1–
3]. Using qudit states can potentially ensure higher
channel capacity [4, 5] and enhanced security [6, 7] of
quantum communication channels as compared to two-
dimensional, polarization-based, encoding. So far, the
full-scale use of twisted photons in free space quantum
communication has remained elusive due to the sensi-
tivity of the photons’ wave fronts with respect to in-
trinsic fluctuations of the refractive index of air (atmo-
spheric turbulence) [8]. Notwithstanding, recent exper-
imental progress where OAM encoding was used in free
space quantum key distribution over up to 300 m [9, 10],
for entanglement distribution over 3 km [11], and for
the transmission of classical twisted light over 143 km
[12], indicates that turbulence-induced phase-front dis-
tortions do not in principle preclude the reliable transfer
of twisted photons through the atmosphere. Yet, we still
lack a complete understanding of the behaviour of pho-
tonic OAM states in turbulence, even for OAM-encoded
qubits.
Since one of the most prominent quantum communi-
cation protocols [13] is based on quantum entanglement
[14, 15] – which is readily generated between OAM states
in the lab [16–18] – experimental [19–23] and theoreti-
cal [24–29] efforts explore how entanglement of twisted
biphotons decoheres in the atmosphere. In particular,
it was predicted [30] – and recently confirmed experi-
mentally [20] – that entangled qubit states with opposite
OAM become more robust in weak turbulence as the az-
imuthal index l0 increases.
Some useful insight into this feature was provided
through the introduction of the phase correlation length
ξ(l0) [31] that is the characteristic length scale associ-
ated with the transverse spatial structure of OAM beams.
In particular, it was numerically shown [31] that the in-
dividual temporal evolution of the concurrence [14, 32]
of initially maximally entangled OAM qubit states with
quantum numbers ±l0 collapses onto an l0-independent,
universal entanglement decay, upon rescaling the turbu-
lence strength by ξ(l0). However, no analytical derivation
of this universal decay law has so far been available.
In the present contribution, we revisit the entangle-
ment evolution of photonic OAM qubit states in weak
turbulence and generalize the results of [31] along two
directions: First, we deduce the entanglement decay law
analytically. To this end, we exploit the universality of
the decay, and consider the limit l0  1, using asymp-
totic methods. Second, we derive explicit expessions for
the universal decay law for three distinct models of tur-
bulence – distinguished by the exponent α of the phase
structure function [8, 33] (see Sec. II). This generaliza-
tion is inspired by the fact that the universal form of the
entanglement decay relies on the weakness of the turbu-
lence. The latter assumption implies that the impact of
turbulence on the propagated wave can be described by a
single phase screen [34], irrespective of the specific turbu-
lence model. Since variation of α leads to different types
of atmospheric disorder, it is interesting to explore, some-
what in the spirit of [35], how this affects entanglement
evolution in turbulence.
The paper is structured as follows: In the next section
we present our general model of turbulence, parametrized
by the exponent α, as well as our method to access the
entanglement evolution. In Sec. III we derive explicit
expressions for the relative crosstalk amplitude, b˜, in the
asymptotic limit l0  1, for α = 1, 5/3, 2, and compare
these asymptotic results to numerically exact data. We
finally give analytic formulations for the universal entan-
glement decay law, for those different values of α. Section
IV concludes the manuscript.
II. MODEL
We consider a maximally entangled OAM qubit state
of two photons, encoded in two Laguerre-Gauss (LG)
modes with radial and azimuthal quantum numbers p =
0 and l = ±l0, respectively, and relative phase ϕ:
|ψ0〉 = 1√
2
(|l0〉| − l0〉+ eiϕ| − l0〉|l0〉), (1)
Such states can be generated experimentally [16, 18], and
large values up to l0 = 300 were reported [17]. The en-
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2tangled photons are sent, in opposite directions along
the (horizontal) z-axis, through the atmosphere and the
impact of the latter on the transmitted photons is mod-
elled by two independent phase screens — one for each
photon. This model of atmospheric turbulence ignores
turbulence-induced intensity fluctuations. Furthermore,
we neglect diffraction, assuming that the widths of the
LG beams remain constant along the propagation paths.
As follows from [36], both assumptions are valid for short
propagation distances of about one km for each photon.
Note that this is a standard approach [33] which only
accounts for scattering of an optical wave on refractive
index inhomogeneities of a typical scale much larger than
the optical wave length. This model does therefore not
describe any loss of information as induced, e.g., by pho-
ton absorption, Rayleigh scattering by air molecules, or
Mie scattering by aerosols. These processes, however,
only affect the total transmission rate of the photons,
but leave the description of the atmospheric imprint on
the successfully transmitted photons invariant.
When a pair of twisted photons prepared in state (1)
is sent across the atmosphere, turbulence-induced ran-
dom phase shifts lead to the coupling, or crosstalk, of the
initially excited (LG0±l0) modes to other LGpl modes,
spreading, in general, over infinitely many values of p and
of l. Upon averaging this high-dimensional pure state
over independent statistical realizations of those random
shifts, one ends up with a mixed state.
Thus, the output biphoton state % can be described by
a map [31]
% = (Λ1 ⊗ Λ2)%0, (2)
where Λi is the disorder-averaged turbulence map acting
on the state of the ith photon, and %0 = |ψ0〉〈ψ0|. The
tensor product expresses the independence of the action
of the two screens on either photon.
Since we are only interested in the OAM entanglement
evolution in the subspace of the initially populated OAM
modes, we trace over the radial quantum number p, and
project the output state onto the subspace spanned by
the four product vectors: |l0〉|l0〉, |l0〉| − l0〉, | − l0〉|l0〉, | −
l0〉| − l0〉 [31]. Due to the projection, the norm of the
resulting state is reduced and the state needs to be renor-
malized by its trace [37]. The entanglement evolution of
the thereby obtained mixed, bipartite qubit state can be
evaluated using Wootter’s concurrence [32].
The elements of the map Λi required for the evaluation
of the output state % are given by (see A)
Λ
0,l0,0,l
′
0
l,±l =
1
2pi
δl0−l′0,l±l
∫ ∞
0
∫ 2pi
0
rdrdϑ
×R0,l0(r)R0,l′0(r)e−i
ϑ
2 [(l±l)−(l0+l′0)]
exp
{
−1
2
Dφ
[
2r sin
(
ϑ
2
)]}
, (3)
where upper and lower indices of Λ
0,l0,0,l
′
0
l,±l correspond to
the input and output states, respectively, δl0−l′0,l±l is the
Kronecker delta,
R0,l0(r) =
2√|l0|! 1w0
(√
2r
w0
)|l0|
e−r
2/w20 , (4)
is the radial part of the LG0±l0 mode at z = 0, with
p = 0, l = ±l0, and w0 is the mode’s width. Furthermore,
Dφ(x) = γ
(
x
r0
)α
(5)
is the phase structure function of turbulence, which de-
termines the statistics of the spatial wavefront deforma-
tions [38]. Here, γ = 6.88 and
r0 = (0.423C
2
nk
2L)−3/5 (6)
is the Fried parameter [33, 39], with C2n the index-of-
refraction structure constant, k the optical wave number,
and L the propagation distance. Throughout this work,
we assume that both photons traverse equal-length paths
in the atmosphere characterized by the same C2n. Hence,
r0 coincides for both screens.
The exponent α in Eq. (5) specifies the turbu-
lence model. In particular, α = 5/3 characterizes Kol-
mogorov’s description [8, 33], but we subsequently also
consider the entanglement evolution for α = 1, 2 which
can be regarded as integer-value “approximations” of
α = 5/3. In fact, the phase structure function with
α = 2 is oftentimes used in the literature [23, 28–30],
with Eq. (5) then called the “quadratic approximation”
[40] of the Kolmogorov phase structure function (by anal-
ogy, we refer to the case α = 1 as the “linear approxima-
tion”). Apart from the fact that the quadratic approxi-
mation allows for obtaining analytical results for entan-
glement decay of OAM qubit states even under conditions
of strong turbulence [28, 29], it is sometimes considered
to be slightly pessimistic [41] as compared to the Kol-
mogorov model. Indeed, as follows from Eqs. (3) and
(5), the matrix elements of the map Λi governing the
evolution of the density operator will decay faster with x
for α = 2 than for α = 5/3. Consequently, the first-order
spatial correlation function of the propagated field (also
known as the mutual coherence function [8, 33]) decreases
more rapidly within the square-law approximation, which
is considered [41] to be harmful for optical communica-
tion. However, as for the entanglement evolution of OAM
states, a smaller magnitude of those matrix elements of
Λi that reflect the coupling between OAM modes with
−l0 and l0 is actually useful, because it is the intermodal
crosstalk that causes entanglement decay [31].
As a result, as we show in this work, the robustness
of entanglement is most pronounced for α = 2. From
this viewpoint, the quadratic approximation appears as
overly optimistic. Consistently, the linear approximation,
α = 1, yields pessimistic results as compared to those
derived from the Kolmogorov model.
3III. UNIVERSAL ENTANGLEMENT DECAY
LAWS
A. General expressions
Upon application of the turbulence map (2), the out-
put state’s concurrence is given analytically by [31]
C(%) = max
[
0,
1− 2b˜
(1 + b˜)2
]
, (7)
where b˜ = b/a is the reduced, or relative, crosstalk am-
plitude, with
a = Λl0,l0l0,l0 = Λ
−l0,−l0
−l0,−l0 = Λ
−l0,l0
−l0,l0 = Λ
l0,−l0
l0,−l0 , (8a)
b = Λ−l0,−l0l0,l0 = Λ
l0,l0
−l0,−l0 , (8b)
expressed in terms of the phase screen map’s matrix ele-
ments (3) (we drop their upper indices p = 0 for brevity).
We note that Eq. (7) is valid for a single phase screen
description of turbulence, whereas the specific turbulence
model is included via the dependence of the parameters
a and b on α. As follows from the definition (3), in the
absence of turbulence, or, equivalently, when r0 → ∞,
the survival amplitude tends to one, a→ 1, while b→ 0,
for the crosstalk amplitude. Hence, also b˜→ 0, and con-
currence converges to its maximum value of unity. In
contrast, when turbulence comes into play, crosstalk be-
tween different OAM modes is expected, and C(%) given
by (7) should thus drop below unity. As we show below,
this expectation is not always justified.
In the framework of the Kolmogorov model of turbu-
lence, by numerical assessment of a and b, we established
earlier that the behaviour of C(%) is universal in the sense
that the a priori l0-dependent entanglement evolution
with the penetration depth into the turbulent medium
collapses onto one universal curve, for arbitrary OAM
l0 > 1, provided C(%) is considered as a function of the
rescaled turbulence strength ξ(l0)/r0 [31]. Here, ξ(l0) is
the phase correlation length of an LG0l0 beam of width
w0, which reads [31]
ξ(l0) = sin
(
pi
2|l0|
)
w0√
2
Γ(|l0|+ 3/2)
Γ(|l0|+ 1) . (9)
Thus, the entanglement evolution within the Kolmogorov
and single phase screen model is determined by the ratio
of the only two characteristic length scales, of which ξ(l0)
refers to the OAM beam and r0 to the turbulent medium.
In the following, we analytically show that the universal-
ity of the entanglement decay persists also for α = 1 and
α = 2, though with a different functional form, which we
identify for α = 1, 5/3, 2.
By virtue of Eq. (7), the universality of the concurrence
decay law originates from that of the relative crosstalk
amplitude, b˜ ≡ b˜(ξ(l0)/r0). Therefore, we need to infer
the explicit form of the latter. To that end, we consider
the limit l0  1, and apply asymptotic analysis. Us-
ing the method of steepest descent [42], we obtain the
following expressions (see B):
a ≈ 1
pi
A−1/α Γ
(
1 +
1
α
)
, (10)
b ≈ 1
pi
Re
[∫ ∞
0
dx exp(−Axα − 2il0 x)
]
, (11)
where A = 2−α−1 γ (2l0)α/2 tα, and
t := w0/r0 (12)
is the turbulence strength. The asymptotic solutions (10)
and (11) essentially accomplish our target: Indeed, (10)
already has an explicit analytical form. Equation (11)
involves a highly oscillatory integral which, in turn, can
be evaluated by asymptotic methods. Though, for any
α = l/k, with l, k positive integers, Eq. (11) can be eval-
uated exactly and is given in terms of either elementary
(α = 1, 2) or of special (α = 5/3) functions. Next, we
analyze these three cases in more detail.
Before proceeding, we would like to point out that any
distinctions in the l0- and t-dependencies of b˜ and, hence,
of the entanglement decay laws, for different α, can stem
exclusively from the turbulence-induced crosstalk ampli-
tude b. Indeed, as follows from our asymptotic expres-
sion (10), for any 1 ≤ α ≤ 2, the survival amplitude
a ∼ 1/t√l0. Finally, to study the behaviour of the sur-
vival amplitude for 0 < t  1, using the approximate
formula (10), the physical bounds 0 < a ≤ 1 have to be
kept in mind, and l0  1 needs to be chosen accordingly.
B. Asymptotic expressions for survival and
crosstalk amplitudes
1. Linear approximation (α = 1)
For α = 1, (10) and (11) yield the following asymptotic
results (l0  1):
a ≈ 4
piγ
1√
2l0t
, b ≈ γ
4pi
√
2l0t
4l20 + γ
2t2l0/8
. (13)
In Fig. 1(a) we show the function b˜ = b/a, as obtained
by exact numerical evaluation of the integrals in Eq. (3),
together with the asymptotic solution derived from Eq.
(13). We notice that the asymptotic value of the ratio b/a
provides excellent agreement with the exact numerical
solution already for l0 & 10. As follows from Eq. (13),
at leading order the relative crosstalk amplitude reads
b˜ ∼ γ
2t2
32l0
, (14)
i.e., is proportional to t2/l0.
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FIG. 1. (Color online) Relative crosstalk amplitude b˜ versus
the azimuthal index l0 (on a log-log scale), for t ≡ w0/r0 =
0.1, 0.5, 1.0, 2.0, 5.0 and for three values of α [see Eq. (5)]:
(a) α = 1, (b) α = 5/3, (c) α = 2. Solid lines indicate ex-
act numerical integration of Eq. (3), dashed lines correspond
to asymptotic expressions (a) (13), (b) (15), (c) (18). Thin
dotted lines in panel (b) represent the asymptotic expansion
(16).
2. Kolmogorov turbulence (α = 5/3)
After a suitable coordinate transformation (see B), the
integral in Eq. (11) reduces to a tabulated integral [43].
Explicitly, the amplitudes a and b for α = 5/3 read:
a ≈
√
2(γ/2)−3/5
pit
√
l0
Γ
(
8
5
)
, (15a)
b ≈
√
15
23pi4
(15b)
× Re
[
e−ipi/5
s
G3,55,3
(
55q3
33s5
∣∣∣∣ 0, 15 , 25 , 35 , 450, 13 , 23
)]
,
where s = 2il0 e
−ipi/5, q = γ 2−11/6 t5/3 l5/60 e
−ipi/3, and
G3,55,3(x| . . . ) is the Meijer G-function, which can be ex-
pressed through generalized hypergeometric functions
[44]. As in the case α = 1, the numerically exact and
the asymptotic results merge for l0 & 10 (see Fig. 1(b)).
However, the hypergeometric functions are a representa-
tion of an infinite series [45]. A transparent analytical
form of the dependence of b˜ on l0 can be deduced from
the asymptotic series expansion of b˜ which can be derived
directly from (10,11). For a large value of a parameter
(in our case, for l0  1) the subsequent terms of an
asymptotic series first decrease in magnitude, but then
start progressively increasing [46].1 Thus, the asymp-
totic series are divergent. Nonetheless, these series are
useful, since a finite number of terms of an asymptotic
series expansion yields a very accurate representation of
the function at large parameter values [46]. As regards
the relative crosstalk amplitude b˜, its best approximation
for 0.1 . t . 5 and l0 & 150 is obtained by the first three
terms of the asymptotic series (see Eqs. (B12)-(B16) in
B):
b˜ ≈ 0.380
(
t2
l0
)4
3
+1.231
(
t2
l0
)13
6
+3.735
(
t2
l0
)3
+O
[(
t2
l0
)23
6
]
.
(16)
It is noteworthy that, as in the linear-approximation-
scenario (see Sec. III B 1), the relative crosstalk ampli-
tude is represented as a power series in t2/l0. At lead-
ing order, b˜ exhibits a power-law behaviour ∼ (t2/l0)4/3,
which is faster than the linear dependence (14) charac-
teristic of the linear approximation. For instance, the
values of the relative crosstalk, at l0 = 150 and at the
minimum turbulence strength t = 0.1 presented in Fig.
1, are ≈ 10−4 and ≈ 10−6 for α = 1 and α = 5/3, re-
spectively.
3. Quadratic approximation (α = 2)
In contrast to the above cases α = 1, 5/3, for α = 2
the relevant elements of the map Λi, defined by Eq. (3)-
(5), can be found in tables of integrals [47]. Setting the
upper and lower indices in Eq. (3) according to Eqs.
(8a) and (8b), we obtain the following exact results for
1This contrasts the behaviour of convergent series representing an
analytic function f(z) around its regular point z = z0.
5the amplitudes a and b in (10,11), respectively:
a = 2l0+1(2 + τ)−l0−1
×F
(
2l0 + 1
2
,
2l0 + 2
2
; 1;
(
τ
2 + τ
)2)
, (17a)
b = 2l0+1(2 + τ)−3l0−1
(τ
2
)2l0 ( 3l0
l0
)
×F
(
3l0 + 1
2
,
3l0 + 2
2
; 2l0 + 1;
(
τ
2 + τ
)2)
,
(17b)
where F (β, δ; η; z) is the hypergeometric function [45]
and τ ≡ γt2.
Since solutions in terms of hypergeometric functions
provide poor insight, we inspect the approximate forms
of Eqs. (17a, 17b), using the asymptotic formulas (10),
(11). For α = 2, these produce the compact expressions
a ≈ 1
t
√
piγl0
, b ≈ 1
t
√
piγl0
exp
[
− 4l0
γt2
]
. (18)
We remark that, according to Eq. (18) and Fig. 1(c),
both, the asymptotic and the exact solutions for b˜ ex-
ponentially decay versus l0; furthermore, they tend to
coalesce for l0 & 150 and t > 2.0. For t ≤ 2.0, the decay
of the asymptotic b˜ versus l0/t
2 in Eq. (18) is faster than
the exact one given by (17). Note, however, that the de-
viations occur at exact and approximate values which are
fairly small. For instance, at l0 = 150, the approximate
and the exact results at t = 2.0 are b˜ ≈ 3.4× 10−10 and
1.3×10−9, respectively, and can be neglected. At t < 2.0,
the exact and the approximate values of b˜ become even
tinier.
The exponential dependence of the relative crosstalk
amplitude on the ratio l0/t
2, see Eq. (18), indicates a
qualitative difference between the present and the previ-
ous, α = 1, 5/3, cases, both characterized by slow, power-
law dependencies of b˜ on t2/l0. Indeed, owing to this
slow decay for α = 1, 5/3, a finite crosstalk amplitude
between, widely separated, OAM modes l0 and −l0 is
induced already for weak turbulence strength t ' 0.1.
In contrast, for α = 2 such a coupling is exponentially
suppressed even for moderate t ' 2.0. As we will see
in Sec. III C, the consequence of this suppression is that
photonic OAM-entangled qubit states are most robust
under turbulence characterized by α = 2.
C. Rescaled relative crosstalk amplitude and
concurrence
In the limit l0  1, the expression for the phase cor-
relation length given in Eq. (9) can be simplified by
recalling the asymptotics of the sine, sin (pi/2l0) ∼ pi/2l0,
0 1 2
0.0
0.5
1.0
a=1
a=5/3
a=5/3 (as. series) 
a=2
x/r
0
b
~
FIG. 2. (Color online) Universal relative crosstalk amplitude
b˜ versus ξ/r0, for α = 1 [Eq. (21)], α = 5/3 [the universal
function, Eqs. (22), and the asymptotic series, Eq. (B16)],
and α = 2 [Eq. (24)]. The shaded area highlights the param-
eter range b˜ ≤ 1/2 and ξ/r0 . 1, where the concurrence in
Fig. 3 remains finite, due to Eq. (7).
and of the gamma-function [45]:
Γ(l0 + x) ∼
√
2pie−l0 ll0+x−1/20 . (19)
One obtains
ξ = ξ(l0) ∼ pi
2
√
2
w0√
l0
, (20)
which can be employed in Eqs. (13, 15, 18) to express the
rescaled crosstalk in terms of ξ/r0, yielding the sought-
after universal behaviour. We find for α = 1,
b˜ =
(γξ/2r0)
2
pi2 + (γξ/2r0)
2 ; (21)
for α = 5/3 (see B),
b˜ =
√
3
5
33/5
(2pi)3
1
Γ
(
8
5
) (22)
×Re
[
G3,55,3
(
−iγ355ξ5
pi563r50
∣∣∣∣∣ 15 , 25 , 35 , 45 , 115 , 815 , 1315
)]
∼ 0.29(ξ/r0)8/3, (23)
with the bottom line of (23) valid in the limit ξ/r0  1,
see Eqs. (16) and (20), and for α = 2,
b˜ = exp
(
−pi
2r20
2γξ2
)
. (24)
It is easy to check that in all three cases, Eqs. (21 – 24),
b˜(0) = 0 and b˜(∞) = 1, where the latter value indi-
cates the turbulence-induced saturation of the relative
crosstalk amplitude. However, the behaviour of b˜(ξ/r0)
is rather distinct in the range 0 < ξ/r0 . 1 (see Fig. 2)
for the three models of turbulence, what implies different
forms of the entanglement decay (see Fig. 3).
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FIG. 3. (Color online) Universal decay of C(%) versus ξ/r0, for
α = 1, 5/3, 2, obtained from (7), with b˜ given, respectively, by
Eqs. (21), (22) and (24). The thin dashed line that is nearly
overlapping with the solid line represents the fitting function
g(ξ/r0) = exp[−4.16(ξ/r0)3.24] employed in [31].
TABLE I. Relative crosstalk amplitude b˜ in the limit ξ/r0 
1, as a function of ξ/r0, for the three models of turbulence
here considered.
α = 1 α = 5/3 α = 2
(linear) (Kolmogorov) (quadratic)
b˜ ∼ 1.20 (ξ/r0)2 b˜ ∼ 0.29 (ξ/r0)8/3 b˜ = exp
(
− pi2r20
13.76 ξ2
)
Figure 2 shows that the rescaled relative crosstalk am-
plitude b˜ is maximal for α = 1, and minimal for α = 2,
in the range 0 < ξ/r0 . 1. Moreover, for α = 2, the am-
plitude b˜ remains vanishingly small for ξ/r0 . 0.3. This
is a consequence of the exponential suppression of the
crosstalk in the neighbourhood of ξ/r0 = 0 [see Eq. (24)].
In contrast, for α = 5/3 and, especially, for α = 1, b˜ ex-
hibits a power-law increase with ξ/r0, by Eqs. (23, 21),
and attains finite values in the interval ξ/r0 . 0.3. The
behaviour of the universal functions b˜ at leading order in
ξ/r0 is summarized in Table I below, for the three models
of turbulence considered here.
Finally, inserting (21, 22, 24) into (7), we obtain the
universal entanglement decay laws for the three consid-
ered models of turbulence which we present in Fig. 3. As
anticipated, concurrence is most (least) robust against
the rescaled turbulence strength for α = 2 (α = 1), with
an intermediate behaviour for the Kolmogorov model.
Apart from the three universal results here considered,
we also plot the fitting function, g(x) = exp(−4.16x3.24)
which was obtained for α = 5/3 in [31]. Although g(x)
is almost indistinguishable from the analytical result for
finite values of ξ/r0, our above discussion of the asymp-
totic behaviour of b˜ anticipates its limitations: Since
g(ξ/r0) vanishes exponentially as ξ/r0 →∞, Eq. (7) im-
plies b˜(∞) = 1/2, in disagreement with the actual asymp-
totic limit b˜(∞) = 1.
IV. CONCLUSION
We studied the entanglement evolution of photonic or-
bital angular momentum (OAM)bipartite qubit states
in a weakly turbulent atmosphere, for three models
of turbulence which are distinguished by the exponent
α = 1, 5/3, 2 of the phase structure function Dφ(x) =
γ (x/r0)
α. The entanglement evolution is entirely deter-
mined by the relative crosstalk amplitude b˜, such that
an increase of b˜ entails a further loss of entanglement. b˜
is an α-dependent, universal function of the ratio of the
phase correlation length ξ(l0) (of an OAM beam with
azimuthal index l0 and radial index p = 0) to the atmo-
spheric transverse correlation length r0. Using asymp-
totic methods, we obtained explicit analytical expressions
for b˜(ξ(l0)/r0). In particular, for small ξ(l0)/r0  1, the
relative crosstalk amplitude exhibits power-law depen-
dencies ∼ (ξ(l0)/r0)2 and ∼ (ξ(l0)/r0)8/3 for α = 1 and
α = 5/3, respectively, whereas it is exponentially sup-
pressed for α = 2.
Our results shed new light on some earlier, related
work [20, 48]. In [20], the concurrence decay of OAM bi-
partite qubit states (1) under Kolmogorov’s turbulence
(α = 5/3) was studied numerically and experimentally
for odd l0 ≤ 7. The observed behaviour was then com-
pared to analytical results [30], obtained for α = 2. Good
agreement was found between numerical simulations and
analytical predictions [30]. However, a faster entangle-
ment decay under Kolmogorov’s turbulence that is man-
ifest in the simulations of [20] for l0 > 1 – in qualitative
agreement with our present findings – was not discussed
in [20]. Although this feature was reported in numerical
simulations [48], no analysis of the stronger robustness of
entanglement for α = 2 was given. Curiously, although
the experimental results of [20] exhibit significant scatter
of the data points, for l0 = 5 and l0 = 7 most of the
points lie below the predicted evolution of concurrence
for α = 2. We conjecture that this trend will prevail if
the experiment is carried out using states with larger az-
imuthal indices. Furthermore, it is noteworthy that there
is a close correspondence between the results of [20, 48],
where the output state was projected onto p = 0, and
of our present findings, where the output state was aver-
aged over the radial index p. It therefore appears that the
dependence of the concurrence decay on α dominates its
dependence on the radial structure of the output state –
the latter being an open issue which should be addressed
by future work.
Finally, our results suggest that the statistics of the
wavefront distortions depends – via Dφ(x) – on the tur-
bulence model. Therefore, another relevant future re-
search topic is to identify the type of wavefront dis-
tortions resulting for distinct α, especially for α = 1,
wherein the entanglement decay is fastest. This infor-
7mation will potentially be useful when designing adap-
tive optics systems aimed at entanglement protection of
twisted photons under weak to moderate turbulence [49].
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Appendix A: Derivation of equation (3)
Here, closely following [50], we present a step by step
derivation of the map operator (3) corresponding to a
single phase screen. As mentioned above in section II,
our model neglects scintillations and beam diffraction,
and is thus limited to relatively short (of about 1 km)
propagation distances, for each photon. For convenience,
we apply a single phase screen to a Laguere-Gaussian
(LG) beam at z = 0. Since the propagation through
vacuum does not affect the beam’s structure, we drop
the z-dependence in all subsequent expressions, while in-
cluding the propagation distance L in the definition of
the Fried parameter (6).
Let us denote by |p, l〉 a single photon state populating
the LG mode LGp,l(r, θ), i.e.,
〈r, θ|p, l〉 := LGp,l(r, θ). (A1)
Any pure state |Ψ0〉 can be expanded in terms of OAM
basis states |p, l〉:
|Ψ0〉 =
∑
p,l
cp,l|p, l〉, (A2)
with cp,l given by the overlap integrals
cp,l :=
1
2pi
∫ ∞
0
∫ 2pi
0
LG∗p,l(r, θ)Ψ0(r, θ)rdrdθ, (A3)
where Ψ0(r, θ) := 〈r, θ|Ψ0〉 is the mode function of the
initial state.
The application of a phase screen to |Ψ0〉 amounts to
adding a random position-dependent phase φ(r, θ) to the
photon’s wavefront:
|Ψ0〉 → |Ψ˜〉 = |Ψ0〉eiφ(r,θ). (A4)
Therefore, the expansion coefficients of |Ψ˜〉 in the OAM
basis read
c˜p,l :=
1
2pi
∫ ∞
0
∫ 2pi
0
LG∗p,l(r, θ)e
iφ(r,θ)Ψ0(r, θ)rdrdθ.
(A5)
Due to the phase factor eiφ(r,θ), the output state |Ψ˜〉 has
an overlap with initially unpopulated OAM modes. In
other words, phase aberrations lead to crosstalk among
different OAM modes.
Performing an ensemble average over phase screens
with a given Fried parameter r0, we obtain a mixed out-
put state,
% :=
〈|Ψ˜〉〈Ψ˜|〉 = ∑
p1,l1,p2,l2
〈c˜p1,l1 c˜∗p2,l2〉|p1, l1〉〈p2, l2|
=
∑
p1,l1,p2,l2
%p1,l1,p2,l2 |p1, l1〉〈p2, l2|, (A6)
with the matrix elements of the output state
%p1,l1,p2,l2 =
1
4pi2
∫ ∞
0
∫ 2pi
0
∫ ∞
0
∫ 2pi
0
rdrdθ r′dr′dθ′
× LG∗p1,l1(r, θ)LGp2,l2(r′, θ′)Ψ0(r, θ)Ψ∗0(r′, θ′)
×
〈
exp[iφ(r, θ)− iφ(r′, θ′)]
〉
. (A7)
Within the Kolmogorov turbulence model, the ensemble
average in (A7) yields the result [51]〈
exp[iφ(r, θ)−iφ(r′, θ′)]
〉
= exp
[
−1
2
Dφ(|~r−~r ′|)
]
, (A8)
where Dφ(|~r − ~r ′|) is the phase structure function given
by [38],
Dφ(|~r − ~r ′|) = 6.88
( |~r − ~r ′|
r0
)5/3
. (A9)
We note that (A9) coincides with (5) for α = 5/3 and
x = |~r − ~r ′|.
From equations (A1), (A2), (A6)-(A8), the effect of the
ensemble-averaged phase aberrations on any pure initial
OAM state can be represented by the map operator Λ as
follows:
%p1,l1,p2,l2 =
∑
p0,l0,p′0,l
′
0
Λ
p0,l0,p
′
0,l
′
0
p1,l1,p2,l2
cp0,l0c
∗
p′0,l
′
0
, (A10)
where
Λ
p0,l0,p
′
0,l
′
0
p1,l1,p2,l2
=
1
4pi2
∫ ∞
0
∫ 2pi
0
∫ ∞
0
∫ 2pi
0
rdrdθ r′dr′dθ′
× LG∗p1,l1(r, θ)LGp2,l2(r′, θ′)
× LGp0,l0(r, θ)LG∗p′0,l′0(r
′, θ′)
× exp
[
−1
2
Dφ (|~r − ~r ′|)
]
. (A11)
By factorizing the mode functions LGp,l(r, θ) =
Rp,l(r)e
ilθ into products of their radial part Rp,l(r) and
a complex phase eilθ [52], we obtain
8Λ
p0,l0,p
′
0,l
′
0
p1,l1,p2,l2
=
1
4pi2
∫ ∞
0
∫ 2pi
0
∫ ∞
0
∫ 2pi
0
R∗p1,l1(r)Rp2,l2(r
′)Rp0,l0(r)R
∗
p′0,l
′
0
(r′)
× e−il1θ+il2θ′+il0θ−il′0θ′ exp
[
−1
2
Dφ (|~r − ~r ′|)
]
rdrdθ r′dr′dθ′. (A12)
To simplify this expression, we introduce new angular
variables ϑ and Θ,
ϑ := θ − θ′, Θ := θ + θ
′
2
, (A13)
and take the integral over the angle Θ,∫ 2pi
0
ei(l0−l
′
0−l1+l2)ϑdΘ = 2piδl0−l′0,l1−l2 . (A14)
Next, when tracing the output state over the radial quan-
tum number p (see section II),
%l1,l2 =
∞∑
p=0
%p,l1,p,l2 , (A15)
we focus on the special case |l1| = |l2| =: l. Therein, the
symmetry holds,
Rp,l(r) = Rp,−l(r), (A16)
which follows from the general expression for LG func-
tions [52]. Finally, using the commutativity of the sum-
mation over p and the integration over r′, we can employ
the completeness relation [45]:
∞∑
p=0
Rp,l(r)R
∗
p,l(r
′) =
1
r
δ(r − r′), (A17)
to perform the integration over r′ in (A12) and to arrive
at the following expression for the matrix elements of the
turbulence map:
Λ
p0,l0,p
′
0,l
′
0
l,±l =
1
2pi
δl0−l′0,l±l
∫ ∞
0
∫ 2pi
0
Rp0,l0(r)R
∗
p′0,l
′
0
(r)e−i
ϑ
2 [(l±l)−(l0+l′0)] exp
{
−1
2
Dφ
[
2r sin
(
ϑ
2
)]}
rdr dϑ, (A18)
which coincides with (3) for p0 = p
′
0 = 0. As we take the
above steps, the argument |~r−~r ′| of the phase structure
function Dφ(|~r − ~r ′|) undergoes the following transfor-
mations:
|~r − ~r ′| =
√
r2 + r′2 − 2rr′ cos(θ − θ′) (A19)
(A13)
=
√
r2 + r′2 − 2rr′ cos(ϑ)
(A15)
=
√
2r2[1− cos(ϑ)]
= 2r| sin(ϑ/2)| = 2r sin(ϑ/2), (A20)
where the last equality follows, since sin(x) ≥ 0 if 0 ≤
x ≤ pi.
Appendix B: Asymptotic evaluation of equation (3)
Equation (3) can be rewritten in the form:
Λl0,l0l1,l1 =
2l0+1
pil0!
∫ ∞
0
∫ 2pi
0
dρdϑeiϑ(l1−l0)
× exp [(2l0 + 1) ln(ρ)− 2ρ2 − d(ϑ)ρα] , (B1)
where ρ ≡ r/w0, 1 ≤ α ≤ 2, and
d(ϑ) = 2α−1γ
(
w0
r0
)α
sinα
(
ϑ
2
)
. (B2)
We first note that, for arbitrary l0, l1, α, w0/r0, and for
any fixed ρ ≥ 0, the integral over ϑ in Eq. (B1) is real.
The corresponding integrand, exp{−d(ϑ)ρα+iϑ(l1−l0)},
attains maximum values at the end points of the integra-
tion region and is symmetric under reflection with respect
to the ϑ = pi axis. Therefore, when evaluating the inte-
gral over ϑ, we can consider only the values ϑ  1. We
use this consideration in our subsequent analysis of the
integral over ρ in Eq. (B1), which is a Laplace integral
[53], ∫ ∞
0
dρ exp[λf(ρ)], (B3)
with
f(ρ) = ln ρ− 2ρ
2 − d(ϑ)ρα
2l0 + 1
, (B4)
and λ = 2l0 + 1. For l0  1, the asymptotics of the inte-
gral (B3) can be evaluated using the method of steepest
9descent [42, 53], according to which the main contribu-
tion to (B3) comes from the neighborhood of the saddle
points of the exponential f(ρ). The function f(ρ) has a
non-degenerate saddle point at
ρm ≈
√
l0/2, (B5)
where we neglected the term proportional to d(ϑ) in
(B4) above. Inserting the expansion f(ρ) ≈ f(ρm) +
f ′′(ρm)(ρ− ρm)2 into (B1), extending the lower limit of
the integral over ρ to −∞, and evaluating the resulting
Gaussian integral, we arrive at the intermediate expres-
sion
Λl0,l0l1,l1 ≈
1
pi
Re
[∫ pi
0
dϑ exp{−Aϑα + iϑ(l1 − l0)}
]
, (B6)
where
A = γ2−α/2−1 lα/20 (w0/r0)
α. (B7)
For l1 = l0 and l1 = −l0, Eq. (B6) yields the ampli-
tudes a and b, respectively. For the survival amplitude
a, one immediately obtains,
a ≈ 1
pi
A−1/αΓ
(
1 +
1
α
)
. (B8)
Since the main contribution to the crosstalk amplitude,
b ≈ 1
pi
Re
[∫ pi
0
dϑ exp(−Aϑα − 2il0ϑ)
]
, (B9)
originates from ϑ 1, we can replace the upper integra-
tion limit by infinity, to obtain
b ≈ 1
pi
Re
[∫ ∞
0
dϑ exp(−Aϑα − 2il0ϑ)
]
=:
1
pi
Re[J ].
(B10)
For α = 1 and α = 2, the oscillatory integral J in Eq.
(B10) reduces to the Fourier transform of, respectively,
an exponential and a Gaussian function. The parameter
b can be then easily calculated to yield Eqs. (13) and
(18) for α = 1 and α = 2, respectively. For α = 5/3,
Eq. (B10) can be transformed to a tabulated integral,
by a rotation of the real semi-axis by an angle β into the
complex plane [42]. Then the integral J transforms into
J = eiβ
∫ ∞
0
dx exp(−qxα − sx), (B11)
where q = A exp(iαβ) and s = 2il0 exp(iβ). The inte-
gral on the right hand side of Eq. (B11) converges if
Re(q) > 0, Re(s) > 0. To ensure that both inequalities
are satisfied for α = 5/3 and for convenience, we choose
β = −pi/5. The exact value of Eq. (B11) can be found
in [43]; it is expressed in terms of the Meijer G-function
[44], see Eq. (15b). We mention that the same method
can also be used to find b for other α = l/k, where l, k
are positive integers, and in particular for α = 1 and
α = 2. In the latter case, the Meijer G-function simpli-
fies to the expressions for b given by Eqs. (13) and (18),
respectively.
The relative crosstalk amplitude, derived directly from
Eqs. (15a) and (15b), reads
b˜ =
√
3
5
3
3
5
(2pi)3
1
Γ
(
8
5
)
Re
[
z
1
5G3,55,3
(
z
∣∣∣∣∣ 0, 15 , 25 , 35 , 450, 13 , 23
)]
, (B12)
where
z = −i 5
5t5γ3
33221/2l
5/2
0
.
To show that b˜ is a function of the sole parameter ξ/r0,
we use the identity [44]
zσGm,np,q
(
z
∣∣∣∣∣ arbr′
)
= Gm,np,q
(
z
∣∣∣∣∣ ar + σbr′ + σ
)
, (B13)
where ar (br′) represent the upper (lower) vectors
of the Meijer G-function (e.g., in Eq. (B12),
ar = {0, 1/5, 2/5, 3/5, 4/5}) and the summation in the
right-hand side of (B13) is to be understood element-
wise. Applying the identity (B13) to Eq. (B12), we arrive
at the result
b˜ =
√
3
5
33/5
(2pi)3
1
Γ
(
8
5
) (B14)
×Re
[
G3,55,3
(
−iγ355ξ5
pi563r50
∣∣∣∣∣ 15 , 25 , 35 , 45 , 115 , 815 , 1315
)]
.
Whereas the limiting values 0 and 1 of b˜ for ξ → 0
and ξ → ∞, respectively, can be directly computed
from Eq. (B14), the asymptotics of b˜ for ξ/r0  1
(or w0/r0
√
l0  1) is easier to deduce directly from Eqs.
(B8), (B10) and (B11). It follows from (B8) and (B10)
that b˜ = Re [J ]/(pia). Using Watson’s lemma [42], we
obtain the asymptotic series expansion of the integral
(B11):
J = eiβ
1
s
∞∑
n=0
(−1)n
n!
( q
sα
)n
Γ(1 + nα). (B15)
Substituting the values α = 5/3, β = −pi/5, s =
2il0 e
−ipi/5, q = 6.88 × 2−11/6 t5/3 l5/60 e−ipi/3 and a =
pi−1q−3/5e−ipi/5Γ(1+3/5) into the ratio b˜ = Re [J ]/(pia),
after some simple algebra we obtain
b˜ ≈ 0.380
(
t2
l0
)4
3
+1.231
(
t2
l0
)13
6
+3.735
(
t2
l0
)3
+O
[(
t2
l0
)23
6
]
= 0.287
(
ξ
r0
)8
3
+0.781
(
ξ
r0
)13
3
+1.989
(
ξ
r0
)6
+O
[(
ξ
r0
)23
3
]
,
(B16)
10
where the top line reproduces (16) and the bottom line is
used in Fig. 2. Note an increase of the subsequent expan-
sion coefficients in (B16). Starting from some n, which
value depends on t and l0, these coefficients dominate the
decreasing magnitude of (t2/l0)
(4+5n)/3 in the asymptotic
expansion of b˜ (for t = 5.0 and l0 = 150, this occurs at
n = 7). This behaviour indicates divergence of Eq. (B15)
– the common feature of asymptotic series [46]. However,
a finite number of terms in Eq. (B15) yields an accurate
asymptotic description of b˜. We empirically established
that the first three terms of the series (B16) provide the
best overlap with the exact behaviour of b˜ at l0 & 150
and 0.1 ≤ t ≤ 5.0 (i.e., for 0.0091 ≤ ξ/r0 ≤ 0.45), see
Figs.1 and 2.
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